While long spin coherence times and efficient single-qubit quantum control have been implemented successfully in nitrogen-vacancy (NV) centers in diamond, the controlled coupling of remote NV spin qubits remains challenging. Here, we propose and analyze a controlled-phase (CPHASE) gate for the spins of two NV centers embedded in a common optical cavity and driven by two offresonant lasers. In combination with previously demonstrated single-qubit gates, CPHASE allows for arbitrary quantum computations. The coupling of the NV spin to the cavity mode is based upon Raman transitions via the NV excited states and can be controlled with the laser intensities and relative phase. We find characteristic laser frequencies at which a laser photon is only scattered into the cavity mode if the NV center spin is |ms = 0 , and not in the case |ms = −1 , or vice versa. The scattered photon can be reabsorbed by another selectively driven NV center and generate a conditional phase (CPHASE) gate. Gate times below 20 ns are within reach, several orders of magnitude shorter than typical NV spin coherence times. The separation between the two NV centers is only limited by the extension of the cavity.
Introduction. The nitrogen-vacancy (NV) center in diamond has emerged as a powerful and versatile quantum system with applications as sources of non-classical light, as high-precision sensors, and as qubits for quantum information technology [1] . The electron spin of the NV center unites several essential properties required for quantum information processing (QIP). Its quantum coherence is preserved over long times, even at elevated temperatures, and it allows for optical preparation and read-out, as well as quantum gate operations via radiofrequency (rf) excitation, at the level of a single-NV center. One of the remaining challenges on the way towards diamond-based QIP is the establishment of a scalable architecture allowing for the coherent coupling between NV spins. A controlled coupling is required to realize a two-qubit gate such as controlled-phase (CPHASE) or controlled-not (CNOT) which forms a universal set of quantum gates in combination with single-qubit gates. Controlled operations between the NV electron spin and a nearby nuclear spin have been performed using a combination of rf and microwave pulses [2] . Entanglement generation can be achieved between the electron spins of two nearby NV centers on the basis of static dipolar interactions [3] . Here, we propose and theoretically analyze a fully controllable and switchable coupling between the spins of distant NV centers coupled to the same mode of a surrounding optical cavity (Fig. 1) .
A variety of optical cavity systems for cavity quantum electrodynamics (QED) coupled to defect centers in diamond exist. The advantage of whispering gallery modes of silica microsphere is their ultrahigh quality factors Q > 10 8 [4] , whereas photonic crystals fabricated on top of the diamond crystal [5] or within the diamond crystal itself [6, 7] offer great flexibility but (so far) somewhat lower Q factors. The proposed architecture can in principle be applied with any realization of NV-cavity coupling, provided sufficiently high Q and dipole matrix NV1 NV2
Two nitrogen-vacancy centers in diamond located in an optical cavity and coupled to a common cavity mode with frequency ωC (shown schematically). The NV centers are excited by an off-resonant laser fields (frequencies ωLi). This setup allows for the coupling of the two NV spins with the universal CPHASE quantum gate.
element of the ground state (GS)-excited state (ES) transition in the cavity field. The basic working principle of the quantum gate operation proposed here is as follows. We restrict ourselves to two of the three GS spin triplet states, m s = 0 and m s = −1, which will serve as the qubit basis in our scheme. Near the GS level crossing around a magnetic field of about B 0 ∼ 1000 G, these two states are nearly degenerate, and separated by several GHz from the third (m s = +1) state. Off-resonant coupling of the GS-ES transition to the cavity mode combined with off-resonant laser excitation can be used to generate Raman-type twophoton transitions starting and ending in the GS, accompanied by the scattering of a laser photon into the cavity mode, or vice versa (Fig. 2) ent zero-field splittings in the GS and ES, the m s = 0 and m s = −1 states in the ES are not degenerate at B 0 , which can lead to different scattering matrix elements for the m s = 0 and m s = −1 states. It can e.g. be arranged that a laser photon can only be scattered into the cavity mode (or vice versa) if the NV spin is m s = 0. If two NV centers are simultanously coupling in this way to the same cavity mode, they will exchange a cavity photon if and only if both NV spins are in the m s = 0 state. This virtual photon exchange generates a conditional phase shift; once the accumulated phase amounts to π, one has achieved a CPHASE gate on the two NV spin qubits.
Single NV center in a cavity. The NV center in its ground state (GS) and excited state (ES) spin triplet will be described by the Hamiltonian
where the first term describes the Zeeman splitting of the spin S with eigenvalues m s = −1, 0, 1 in a magnetic field applied along the NV (z) axis with identical g factor for the GS and ES (µ B denotes the Bohr magneton). The second term in Eq. (1) includes the GS-ES energy gap E g = 1.945 eV and the distinct GS and ES zero-field spin splittings D gs = 2.88 GHz and D es = 1.42 GHz. The off-diagonal terms describe laser excitation at a frequency ω L , with the spin-independent dipole matrix element g L . We assume that the ES orbital state energies are strongly split by the strain in the diamond crystal, such that we can concentrate on one of the two orbital ES triplets. The prerequisite for this to be a reasonable approximation is that the strain splitting exceeds the ES spin-orbit coupling λ = 5.3 GHz. Strain splittings in excess of this value are readily available for common NV centers in diamond. Taking only one orbital ES into account, we can view the matrix in Eq.
(1) as a 6x6 matrix consisting of four 3x3 blocks. The Zeeman splitting described by the first term in Eq. (1) is independent of the orbital state. Using Pauli matrices τ i to describe the GS-ES orbital state, i.e., τ z = +1 for the GS and τ z = −1 for the ES, and working in a rotating frame with the frequency ω L , we can write
where D = (D gs + D es )/2 = 2.15 GHz and ∆ = D gs − D es = 1.46 GHz denote the mean and difference between the GS and ES zero-field splittings, and δ L = ω L − E g is the laser detuning. We have so far neglected the spin-spin couplings in the ES, but will discuss their effect further below. We now consider a single NV center coupled to a nearresonant mode of a surrounding optical cavity which we describe, using the rotating-wave approximation, with the following Hamiltonian,
where δ C = ω C − E g denotes the detuning of the cavity mode from the GS-ES excitation frequency, τ ± = (τ x ± iτ y )/2 describe transitions between the GS and ES, and a † (a) creates (annihilates) a cavity photon. The dipole matrix element g C of the cavity field can be made realvalued by an appropriate phase convention in the excited state. However, g L can in general not be made realvalued at the same time; its phase depends on the phase of the laser field.
The magnetic field is chosen at a working point around the GS level crossing B 0 = D gs /gµ B where we focus our description on the nearly degenerate m s = −1 and m s = 0 levels (the m s = +1 level will be included further below). We describe here the situation of an initially empty cavity, which subsequently holds at most one virtual photon. Starting from an empty cavity, and assuming sufficiently large detunings δ C g C and δ L g L of the cavity and laser frequencies, we can further reduce the relevant states to |G0 = |G, n = 0 , |G1 = |G, n = 1 , and |E0 = |E, n = 0 , where G and E denote the GS and ES, respectively, and n denotes the cavity photon number. Including the two remaining spin projections, m s = −1, 0 this leaves us with six states for a single NV and the cavity.
The combined action of the coupling to the laser and cavity fields can scatter a photon from the laser into the cavity or vice versa, via an intermediate virtual ES. To describe such second-order processes in the perturbation Hamiltonian
we eliminate the ES and derive an effective interaction using the standard Schrieffer-Wolff transformation,
generated by the antihermitian operator
such that [S, H 0 ] = −V , where H = H 0 + V , and obtain the effective GS interaction Hamiltoniañ
where |0 0| denotes the projection operator on the m s = 0 spin state, |0 ≡ |m s = 0 ,
the effective coupling strength, and δB = B −D gs /gµ B is the magnetic field detuning from the GS level crossing. The last term in Eq. (7) describes scattering processes at the NV center of a cavity photon into a laser photon or vice versa. When calculating the right-hand side of Eq. (7), we have chosen the laser detuning δ L = ∆+δ C /2 such as to allow cavity photon scattering only if the NV spin is m s = 0, but not if m s = −1. Alternatively, the laser detuning could be chosen δ L = δ C /2 in order to allow photon scattering exclusively for the other spin state, m s = −1 and not m s = 0. In this case, the same coupling strength Eq. (8) is found for the laser-cavity scattering in the m s = −1 state. Generally, we find that in order to construct a CPHASE gate, it is sufficient if the scattering matrix element in m s = 0 differs from that in m s = −1 (see also below). In Eq. (7), we have suppressed optical Stark and Lamb shifts of order g 2 L and g 2 C , which will not play an essential role in what follows.
Two NV centers coupled to a common cavity mode. The scattering of a photon from the laser to the cavity field and vice versa, conditional on the spin (qubit) state of an NV center can be used to construct a cavity-photon mediated quantum gate between two NV spin qubits coupled to a common cavity mode. A related scheme to couple spins in semiconductor quantum dots via an optical cavity has been analyzed using similar theoretical methods [8] . Starting from two NV centers (i = 1, 2), each coupled to the same cavity mode as described above (Fig. 1) ,
2 ], we derive the effective (empty-cavity) coupling between the two spin qubits using a second Schrieffer-Wolff transformation,
. We find the effective coupling Hamiltonian for two NV spins to be
where |00 = |0 1 |0 2 . The two-qubit coupling strength is given by
where φ 1 − φ 2 denotes the phase difference between the two exciting lasers. The second term in Eq. (10) generates a conditional phase shift in the case where both NV center spins are in the m s = 0 state. We note that the two-qubit coupling can be switched on and off either by changing the intensities or relative phase of the two exciting lasers. In the case where the exciting lasers are switched on for a time t gate = 1/(4g 12 ), one obtains a π phase shift (g 12 given in Hz). The resulting CPHASE gate,
is a two-qubit gate that, along with single-qubit gates, forms a universal set of quantum gates for quantum computation. Since the two terms in Eq. (10) commute, the entire quantum time evolution is U = (U 1 ⊗U 2 )U CPHASE , a CPHASE gate followed by trivial single-qubit gates. The latter can, if necessary, be undone by sequential single qubit gates, or alternatively, be avoided altogether by choosing g 1 = g 2 = √ δBδ C . By tuning the laser intensities or the zero-field splittings individually for the two NV centers, one could reach g 1 = g 2 and thus U 1 = U 2 . Such identical single-qubit unitaries could be undone via microwave control. In the case of different single-qubit interactions, or more than two qubits, one can use singlequbit unitaries generated by laser excitation of one NV center at a time [14] .
Spin-spin interaction. To make quantitative predictions, we need to include the spin-spin interactions in the ES which has been studied both experimentally [9, 10] and theoretically [11, 12] ,
where ∆ 1 = 1.55 GHz and ∆ 2 0.2 GHz. The larger ∆ 1 term mixes the m s = −1 and m s = +1 states in the ES. The mixing of the corresponding GS spin states via virtual laser excitation is suppressed for magnetic fields around δB ≈ 0 where the GS m s = +1 state is split off from the other two GS spin projections by 2D gs = 5.76 GHz. However, there is a significant effect of the ∆ 1 term because the mixing of the m s = −1 and m s = +1 states in the ES allows for two separate virtual processes leading to scattering of a laser photon into a cavity photon in the spin m s = −1 state, which we denote with the qubit ket |1 ≡ |m s = −1 , omitting the minus sign because m s = +1 in the GS is no longer considered. In this case, it is simpler to choose the laser detuning such that the scattering in the |0 0| state is canceled, and the remaining coupling has the form g|1 1| a + a † . This is possible, e.g., for δ L = δ C /2, and we find
which reduces to Eq. (8) in the limit ∆ 1 → 0. We find a resulting effective spin-spin coupling of g 12 1.3 MHz for δB = 0, δ C = 2δ L = 0.5 GHz, g C = 0.1 GHz, and g L = 0.5 GHz. A stronger coupling can be achieved by adjusting the laser frequency away from the point where scattering from one of the two NV spin states is absent. In this more general case, the two-qubit Hamiltonian can be written in the form (up to an irrelevant additive constant)
The two-qubit coupling g 12 amounts to about 28 MHz for g L = 0.5 GHz, g C = 50 MHz, δ C = 0.5 GHz, δ L = 1.71 GHz, and δB = 0. This coupling lends itself to a CPHASE gate operation with a gate time below t gate ≈ 20 ns. Finally, we also include the smaller spin-spin interaction ∆ 2 which leads to additional small spin rotations, described by off-diagonal terms in H 2q . Despite the effect of the ∆ 2 spin-spin coupling, we find numerically that the resulting effective two-qubit time evolution is equivalent to CPHASE (or controlled-not, CNOT) up to single-qubit operations. To demonstrate the successful realization of CPHASE, we compute the Makhlin invariants (G 1 , G 2 ) [13] of exp(−2πitH 2q ) as a function of gate time t gate , see Fig. 3 (here, H 2q is given in frequency units). The generated two-qubit gate corresponds to CPHASE when G 1 = 0 and G 2 = 1. We find that (G 1 , G 2 ) = (0, 1) for t gate 18 ns if g L = 0.5 GHz, g C = 0.1 GHz, δ C = 0.5 GHz, δ L = 1.71 GHz, and δB = 0.
Conclusions. We have shown that virtual exchange of photons in an optical cavity can mediate two-qubit gates such as CPHASE between two NV spin qubits in diamond. Combined with single-qubit operations, produced by rf excitation or by laser fields [14] , the CPHASE gate allows for arbitrary (universal) quantum computations. Therefore, optical cavity QED with NV centers in diamond represents a realistic path towards spin-based quantum information processing.
As a further prerequisite for the scheme to work, the NV spin coherence time and average time between photon loss from the cavity must be longer than the gate operation time t ∼ 1 − 10 ns. The spin coherence time in the NV center can easily exceed 1 µs. The photon loss rate can be estimated as τ −1 ∼ (g C /δ C ) 2 ω C /2πQ where (g C /δ C ) 2 ∼ 0.04 is the probability for the cavity mode to be occupied by a virtual photon during the gate operation, and ω C /2πQ is the photon loss rate in the cavity with quality factor Q. For the parameters used above, a Q factor of Q ∼ 10 6 is needed to achieve τ ∼ 50 ns. We can further increase τ by increasing δ C , because g 12 ∼ δ Identity   FIG. 3 . CPHASE gate operation between the spins of two spatially separate NV centers coupled to a common optical cavity mode in diamond. The Makhlin invariants (G1, G2) [13] for the effective time evolution in the GS ms = 0, −1 subspace including spin-spin interactions ∆1 and ∆2 indicate that the gate operation is concluded at t 18 ns. The values (G1, G2) = (1, 3) indicate the indentity (no gate operation), while (G1, G2) = (0, 1) are characeristic for the CPHASE or CNOT two-qubit gates, up to single-qubit operations. The parameters chosen for this simulation are gL = 0.5 GHz, gC = 50 MHz, δC = 0.5 GHz, δL = 1.71 GHz and δB = 0.
